The analytical model presented in this paper describes the energy conversion mechanism of a piezoelectric beam (bimorph) under small-deflection static and vibrating conditions. The model provides an improved approach to design and analyze the performance of piezoelectric actuators and energy harvesters (sensors). Conventional models assume a linear voltage distribution over the piezoelectric beam thickness, which is shown here to be invalid. The proposed modeling method improves accuracy by using a quadratic voltage distribution. The equivalent capacitance of a beam shows a 40% discrepancy between a conventional model and the proposed model for PZT5A material. This inaccuracy level is not negligible, especially when the design of micro-power electrical energy harvesting is concerned. The method solves simultaneously the solid mechanics and Maxwell's equations with the constitutive equations for piezoelectric materials. The paper also proposes a phasor-based procedure for measuring the damping of a piezoelectric beam. An experimental setup is developed to verify the validity of the model. The experimental results confirm the accuracy of the improved model and also reveal limitations in using models for small deflections. 
Introduction
Piezoelectric bending beams have been widely used as actuators and sensors in microsystems [1, 2] and recently they have been used as promising power supplies in micro power wireless apparatus by harvesting surrounding vibration energy [3, 4] . As an actuator, a piezoelectric bending beam converts electrical energy to mechanical energy, whereas in the energy harvesting scenario, it changes surrounding vibration energy into electricity. Having an accurate electromechanical model of a piezoelectric bending beam is essential for the effective design of piezoelectric actuators and energy harvesters. Electromechanical models of piezoelectric bending beams can be derived directly from the solution of its governing equations [5] [6] [7] or from an energy method using the general form of Hamilton's principle [8] [9] [10] . Models based on the energy method are conventionally obtained by assuming a linear voltage distribution within the piezoelectric material [8, 10] . However, it is shown that the linear voltage assumption does not satisfy Maxwell's equations in the piezoelectric beam [7, 11] . Quadratic, half-cosine and other shape functions are suggested as voltage distributions in direct modeling methods based on solutions of the beam equations [5] [6] [7] 11] . Zhou et al formulate differential equations of a simply supported piezoelectric beam using a quadratic voltage function and present an infinite series solution for theses equations [6] . Wang et al present a differential equation model of simply supported and cantilever piezoelectric beams using a halfcosine voltage distribution. The equations are numerically solved for closed and open circuit operation of piezoelectric beams. These models are not formulated as analytical closedform solutions which are more suitable for design purposes. In the analysis and design of piezoelectric energy harvesters, models based on the energy method have been more attractive since they present a closed-form solution for the beam equations represented as a lumped spring-mass-damper system considering arbitrary electrode voltages. This paper shows that using a linear voltage distribution leads to inaccuracy in the conventional lumped model. This inaccuracy obviously impacts the design and performance analysis of piezoelectric beams. This paper, therefore, presents an improved lumped model based on an analytical closed-form solution for the beam equations using a quadratic voltage distribution. The model is useful for the analysis of vibrating piezoelectric cantilever beams acting as actuators or energy harvesters connected to any impedance across the beam electrodes.
The improved modeling approach presented in this paper starts with the statements of the governing mechanical and electrical equations of a piezoelectric beam in the next section. Then, it will be shown in section 3 that the voltage distribution in a piezoelectric beam must be approximated at least by a quadratic function. This quadratic function is precisely defined by the piezoelectric beam boundary conditions and its governing equations. The proposed approach includes a static model for a deflected piezoelectric bending beam (cantilever configuration) and a model for dynamic operation of a vibrating beam, as will be discussed in sections 3 and 4. The static model will be directly obtained from a simultaneous solution of Maxwell's equation, solid-mechanic equations, and constitutive equations of a piezoelectric beam in section 3. This modeling approach is selected since the commonly used energy method does not offer a neat formulation with quadratic voltage distribution. Section 4 develops the dynamic model by including damping and inertial terms to the mechanical equation. The inertial term will be represented by an effective mass which is calculated analytically based on the Rayleigh-Ritz method [2, 12] . Section 5 analytically compares the model with conventional models and experimentally verifies the validity of the proposed model. Furthermore, a measurement procedure will be presented to determine the damping (drag force coefficient) of the vibrating beam. It will be shown that (i) the linear voltage assumption causes significant error when estimating the piezoelectric beam capacitance and coupling coefficient, (ii) the proposed model accurately describes the small-deflection behavior of a two-layer piezoelectric beam (bimorph) and (iii) the model accuracy degrades under a large deflection scenario since other factors such as nonlinearities and the hysteresis phenomenon should be taken into account. Figure 1 shows a schematic diagram of a two-layer piezoelectric cantilever beam. The beam includes two thin piezoelectric ceramic sheets which are bonded to a center support vane. The piezoelectric beam has electrodes on top and bottom and the center vane can be used as a middle electrode, too. The electrodes can be electrically connected in series or parallel modes as shown in figure 2. To derive a devicelevel model for the beam, we start with a physical-level model based on the assumptions of the Euler-Bernoulli theory of beams [13, 14] . These assumptions for small deflections of the beam in figure 1 are: (i) stress components normal to the top and bottom surfaces are zero; (ii) the longitudinal stress σ x and shear stress τ xz are the dominant stress components inside the beam and the other stress components can be neglected; (iii) there is no stress in the y-direction; and (iv) the strain along the x-direction, x , varies linearly across the thickness and is null at the central plane of the symmetric beam (vane). We also assume that the electrodes are perfect conductors and the model is developed for static charge (electrostatic fields).
Piezoelectric bending element
The governing equations of the piezoelectric beam are (i) Maxwell's electrostatic equations for the compound beam materials, (ii) force equilibrium of the cantilever beam and (iii) the constitutive equations which associate electrical and mechanical properties of the beam materials. Using the EulerBernoulli beam assumptions, the simplified equations for the bimorph piezoelectric beam are [2, 15] as follows:
(ii) Maxwell's equations
(iii) Force equilibrium equation
The constants s, d and ε represent the compliance, coupling and permittivity coefficients of the piezoelectric material, respectively. Subscripts (1, 2, 3) are axes of the piezoelectric ceramic which are selected corresponding to (x, y, z) in figure 1. The superscripts T and E signify that coefficients are measured under tension free and zero electric field conditions, respectively. The radius of curvature, ρ(x), is shown in figure 1(b) and z is the distance from the beam's middle surface. The unit vectors a z and a p denote the direction of the z-axis and the poling direction of a piezoelectric ceramic, respectively, such that ( a p · a z ) takes the values 1 or −1 according to the configuration of the beam (figure 2). Finally, D and E represent the electric displacement and electric field, respectively. For the center vane, the constitutive equations are reduced to the isotropic Hooke's law in compliance form [14] with a compliance coefficient denoted by s B . The constitutive equations in the metallic vane are decoupled (d 31 = d 15 = 0). The electric field and displacement are zero in this region, assuming a perfectly conducting vane.
Conventional modeling approaches assume a constant electric field with a component along z, i.e. E x = 0, which implies that (2) . For small deflections of a beam, σ x can be expressed as a linear function of x and z, thus (6) indicates that τ xz can only be a quadratic function of z [13, 14] . Since τ xz is not a function of x, we deduce that ∂D x /∂x = 0. Also, assuming a constant E z in (3) implies that D z is a linear function of x and z since σ x is a linear function of x and z. Thus, ∂D z /∂z must be a nonzero constant whereas ∂D x /∂x = 0; these observations are inconsistent with Maxwell's equation (4) . Hence, the constant electric field assumption commonly used to date is invalid since it violates Maxwell's equation (4) . This paper proposes an electric field assumption that satisfies Maxwell's equations and an approach to derive a closed form solution for the set of equations.
Equations (1)- (6) model the beam at a physical level based on coupled partial differential equations. A device-level model that relates force, tip displacement, voltage and charge (current) is, however, of greater interest to design engineers. In the following sections, we solve the equations to obtain such a device-level model. Using the above conclusions for E x and E z and by integration of (5), we obtain a voltage distribution,
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where ψ 0 (x), ψ 1 (x) and ψ 2 (x) are linear functions of x such that v(x, z) satisfies the voltage boundary conditions. The procedure for expressing the beam's force and charge in terms of its voltage and tip deflection is explained in detail for series and parallel connected piezoelectric beams in the following subsections. Overall, the procedure consists of substituting for v(x, z) from (7) in (5) to obtain E x and E z . Then, by substituting for E x and E z in (1)- (3) and solving the equations, we obtain ρ(x) and D z . Finally, the force and charge are calculated using ρ(x) and D z in the beam theory [2, 13] and Gauss's law [16] , respectively.
Series mode
In a series connected piezoelectric beam, the poling vectors of the piezoelectric ceramic layers are oriented in opposite directions (figure 2(a)). In this case, a p · a z = z/|z| where |z| and z/|z| denote the absolute value and the sign of z respectively, in the range t c /2 < |z| T b /2. The voltage boundary conditions in figure 2(a) are
where V is the potential difference between the top and bottom electrodes. Since the center vane is a perfect conductor, v(x, z) = 0 for −t c /2 z t c /2. Within the bottom layer piezoelectric material (t c /2 z T b /2), the voltage distribution can be estimated with a quadratic function as given in (7) . Applying the boundary conditions of (8) to (7), we deduce
Solving (9) for ψ 0 (x) and ψ 1 (x), we obtain
It can be readily shown that for the range 
where ψ 0 and ψ 1 are defined in (10) and ψ 2 is a linear function to be determined later. Substituting E z = −∂v/∂z in (1) and solving for σ x , we obtain
The cantilever beam in figure 1(b) has a distribution of internal stresses which apply a total internal bending moment M at any position x. Static equilibrium for the cantilever beam of figure 1 requires that M = −F (L − x). M can also be determined by calculating the first moment of σ x as given by [2, 13] 
where W denotes the width of the beam. Substituting for σ x from (12) in (13) and solving for ρ(x), we obtain
For commercially available piezoelectric sheets s . Therefore, without much loss of generality, we can simplify (14) as
Then, by replacing for ρ(x) from (15) in (12), we obtain σ x as a function of ψ 2 (x) and therefore D z in (3) can be expressed only as a function of ψ 2 (x). In the solution of (4), we assumed D z as only a function of x; thus, by substituting ψ 2 (x) = α 1 x + α 0 in (15) and by zeroing the z coefficients in the D z expression, we obtain
where
denotes the piezoelectric coupling factor. Using α 1 and α 0 from (16) and (17), D z inside the piezoelectric ceramics becomes
where α p is defined as
Since typically k 31 1 and (t c /T b ) 2 1, D z can be simplified as
By applying Gauss's law [16] to the upper electrode of figure 2(a) , we obtain the electrode total free-charge Q as
By applying beam theory [2, 13] , the deflection of the beam, w(x) in figure 1 , is related to ρ(x) via the following differential equation and boundary conditions:
By substituting for ρ(x) from (15) in (22) and by double integration of (22), we obtain the beam tip
The solutions of (21) and (23) for F and Q introduce the device-level static model of the piezoelectric cantilever beam as
where K, and C in the series mode are
In the final expression for C, the term including (t c /T b ) 2 is neglected in comparison to 1. K, and C are defined as the stiffness, the coupling and the equivalent capacitance associated with the piezoelectric cantilever beam.
Parallel mode
Figure 2(b) shows the electrical configuration of a piezoelectric bending element in the parallel mode. In this mode, the piezoelectric ceramic layers have similar poling directions. Thus, a p · a z = 1 in the piezoelectric constitutive equations (1) to ( 
where V is the potential difference across top (or bottom) layer and the center electrode. Similar to the series mode, it can be shown that for the parallel mode the voltage distribution function is
This function satisfies the boundary conditions in (29) by selecting ψ 0 (x) and ψ 1 (x) as given by
By following a similar procedure to that elaborated for the series mode, we obtain ρ(x) in the parallel mode as
It can be shown that ψ 2 (x) = α 1 x + α 0 vanishes the z term in the expression for D z in the parallel mode if α 1 and α 2 are selected as 
Thus, D z in the parallel mode becomes
In the parallel mode, the total free-charge, Q, is the sum of free-charges distributed on the top and bottom electrodes. By applying Gauss's law to the electrodes depicted in figure 2(b) , we obtain Q as
The tip deflection of the parallel mode can be obtained by substituting ρ(x) from (31) in (22) and integrating as
The solutions of (35) and (36) for F and Q result in the same model given in (24) and (25), but with the following coefficients for the parallel mode:
Comparing the model coefficients for series (26)- (28) and parallel modes (37)-(39) indicates that a piezoelectric cantilever beam has similar stiffnesses in series and parallel modes, as expected. However, the coupling coefficient and capacitance of the parallel mode are greater than that of the series mode by factors of 2 and 4, respectively.
Quasi-static model of a vibrating piezoelectric beam
Models of a vibrating piezoelectric beam at low frequencies are of interest to energy harvester designers. In energy harvesting applications, the frequency of a vibration source often ranges from 10 to 1000 Hz. Piezoelectric beams are designed to resonate in this range, which is well below the resonance frequencies of the piezoelectric material itself [3, 4] . The experimentally measured frequency response of a piezoelectric beam in this frequency range shows a spectrum with wellseparated beam resonance modes [10, 19, 20] . However, resonant piezoelectric beams are often designed to operate at their lowest resonant mode since most vibration sources experience the largest amplitude at lowest frequency. By using the Rayleigh-Ritz method [12] , we can describe an energy harvester in the vicinity of the first resonance mode (i.e. the lowest frequency) with a lumped mass-spring-damper model in conjunction with the piezoelectric coupling force ( V ). By extending the static force model with dynamic terms, we can express the force-displacement characteristics based on the tip deflection, u, as
Inertial and damping forces
where M e and C d represent the beam effective mass and damping coefficient. This model is called quasi-static since it is an extension of force equilibrium in the static model by adding inertial and damping forces. M e is the effective mass of the beam which should be calculated based on the Rayleigh-Ritz method considering the effect of electrical load connected to the piezoelectric. To account for mechanical power loss, the damping term must be introduced to the model [8, 10] . C d can be approximated theoretically [21] or measured experimentally [10] . The extracted electrical power in energy harvesting applications can also be represented by an electrical damping term which, here, is embedded in the coupling term ( V ) in (40). 
Effective mass
From (21) and (35), the induced open circuit voltage (Q = 0) due to an external force F is 1. The deflection, w(x), can then be expressed similarly for both series and parallel configurations, after using (41) in (15) for series or in (31) for parallel mode, and then integrating (22) : 
whereu = du/dt is the tip speed. Solving (43) for M e , we obtain 
Damping coefficient
Having an estimation of the damping coefficient is important for the design and performance analysis of actuators and energy harvesters. For a cantilever beam, the dominant source of damping is viscous forces from the fluid surrounding the beam [21] . The damping coefficient is mainly determined by squeeze film damping when the beam vibrates close to a wall, whereas drag force is dominant when the beam is vibrating in free space. We consider applications in which the beam is vibrating in free space. For such an application, an analytic estimation of the damping coefficient is discussed in [21] based on estimating a straight beam by a string of spheres. However, more accurate values of C d can be experimentally determined from the beam frequency response [10] . In the following section, we present an experimental method for measuring C d based on a phasor analysis of the beam at its resonant frequency.
Model verification, accuracy and limitations
Difference between quadratic and linear voltage models
Voltage distribution primarily impacts on the capacitance and coupling coefficient of the beam. First, we will evaluate the impact of the voltage distribution by comparing the equivalent capacitance obtained from the proposed quadratic voltage model with that of a linear voltage distribution. To calculate the equivalent capacitance for a linear distribution, we assume v = V ϑ(x, y, z) where ϑ(x, y, z) represents the unit voltage distribution over the beam thickness and V is the potential difference across the electrodes. Applying the energy method [8, 10] to the piezoelectric beam, the capacitance is given by
where the integral is over the piezoelectric volume, V p , and ε S is the 3 × 3 permittivity matrix of the piezoelectric material when the strain is zero. Due to the symmetry of the piezoelectric beam, ϑ(x, y, z) is only a function of z. Thus, (45) simplifies to
Comparing the series and parallel capacitances calculated based on linear voltage distribution with that obtained using the quadratic voltage distribution, the relative discrepancy (err) is roughly given by
The discrepancy can be significant for a piezoelectric material. For example, for PZT5A with ε S 33 = 1266ε 0 and ε T 33 = 1875ε 0 (ε 0 is the vacuum permittivity), the error in using a linear voltage distribution is about 40%. This error is not negligible, especially when the model is used to design an energy harvester.
To evaluate the impact of the voltage distribution on the coupling coefficient, we simply consider the first mode shape for the short circuit case (k v = 0), obtained from (42) as
Assuming a linear voltage distribution along the thickness of the beam (i.e. E x = E y = 0) and using the first mode shape under short circuit condition, the formulation of the coupling coefficient based on the energy method [8, 10] simplifies to
where e 31 is the piezoelectric coupling coefficient when the strain and electric field are selected as independent variables [15] . Substituting for φ(x) and ψ(z) from (54) and (51) (or (48) for the series mode) in (55), then integrating, we obtain
Tb 4s Equation (56) shows that in the parallel mode and under short circuit condition is the same as that obtained in (38) based on the quadratic voltage distribution. However, for an arbitrary terminal voltage, is slightly affected since the mode shape φ(x) is a function of the α v and k v coefficients in (42).
For the series mode, the linear voltage distribution results in uncoupled piezoelectric equations ( = 0), which is not correct. The coupling coefficient is zero since ψ(z) in (48) is an even function for series mode. Thus, zψ(z) becomes an odd integrand in (55) and the total value of the integral will be zero. Using a quadratic voltage distribution, the term in the series mode is a half of in the parallel mode, as given in (27), and its validity is experimentally verified in the next section. 
Experimental setup and measurement methods
The measured quantities are used to calculate the resonance frequency and damping coefficient of the model. To do so, displacement and current transfer functions of a free deflection piezoelectric beam (F = 0) are first defined, based on (40), (25) 
The current transfer function H i (s) is defined as the ratio of I to V and is obtained by substituting for u from (58) in (25) and (57) in the Laplace domain, leading to √ KM e is the beam damping ratio and ω n = √ K/M e is the undamped natural frequency of the beam [12] . As will be shown, ζ is very small (ζ < 0.02), so the discrepancy between ω n and ω d is negligible (<0.02%). Therefore, we consider ω d ω n . Experimentally, a procedure for measuring ω n and C d is developed based on phasor analysis as follows. For harmonic oscillations, all variables of the vibrating beam can be expressed as phasors. Here, we represent a phasor byx = |x| x where |x| is the amplitude (peak value) and x is the phase ofx in a complex plane. The phasor representation of (40) for the free deflection
At the resonance frequency ω ω n and since K = ω 2 n M e , (60) becomes
Equation (61) suggests the following procedure for measuring ω n and C d :
(i) The resonance frequency is the frequency at which the phasorsV andū have a 90
• phase shift; (ii) C d is obtained by solving (61) for C d given by
where |V |, |ū| and ω n are the measured quantities and is defined in (24) and (25).
Results and discussion
First, the beam was excited with a small voltage. The excitation voltage was 1.0V peak-to-peak corresponding to a maximum tip deflection ratio of u max /T b = 0.05. This small deflection ratio guarantees the validity of the beam theory assumed in the model. Using the phasor procedure described in the previous section, the measured resonant frequency and damping coefficient are ω n = 3037.9 rad s −1 and C d = 0.004 (ζ = 0.0085). The calculated resonant frequency is ω n = √ K/M e = 3039.9 rad s −1 which is very close to the measured resonant frequency (discrepancy 0.07%). Figures 5 and 6 show the frequency response of H d (j ω) and H i (j ω) with respect to normalized frequency ω/ω n (ω n = 3039.9 rad s −1 ). Each figure compares the frequency Table 2 . Resonance frequency versus voltages (V k , u k , and ω k are measured and ω n is calculated). amplitude increases, the magnitudes of |H d (j ω)| and |H i (j ω)| at resonance frequency decrease due to an increasing damping coefficient. The measured damping ratio, ζ , corresponding to the maximum deflection ratio (u max /T b ) are depicted in figure 8 , showing that the damping ratio increases nonlinearly as the deflection ratio is increased. The nonlinear growth of the damping ratio (ζ in figure 8 ) with respect to the vibration amplitude suggests increasing drag losses. Since ζ < 0.015 in figure 8 , (ω d − ω n )/ω n 0.000 01; therefore the slight shift of the resonance frequency at different vibration amplitudes ( figure 7) is not due to damping. The resonant frequency shift can be a result of the increased deflections since the model is only valid for small deflections. Experimental verifications of small deflection models with a linear voltage assumption are reported in the literature [10, 19, 20] . Models with a linear voltage assumption are often tested in the context of energy harvesters that use a piezoelectric beam connected to an external resistor and some signs of discrepancy are observed in their experimental validations [19, 20] . The source of discrepancies can be due to nonlinearities (e.g. large-deflection) and also due to the linear voltage assumption in the model. The proposed model herein can help to improve the accuracy of electric charge estimation which is important in the design of energy harvesters.
However, the nonlinearities of a vibrating beam cannot be modelled using any small deflection model. Nonlinearities become important when the deflection of the beam is comparable with its thickness. Hysteresis in the piezoelectric is also another source of nonlinearity which is irreversible and becomes more important when the material is subjected to strong electric fields and large deflections. A method to analyze large deflection vibrations based on modified Timoshinko beam theory is presented in [22] and can be useful for applications that involve large deflections. The hysteresis phenomenon is modelled as a nonlinear effect in [23] with a nonlinear dynamic equation. These methods present more complicated models which are beyond the scope of this paper.
Conclusion
A model for electromechanical energy conversion in a piezoelectric bending beam based on a quadratic voltage distribution is presented. The model describes the static and vibrating behavior of a piezoelectric beam for small deflections and is developed based on a solution of the electrical, mechanical and constitutive equations of the piezoelectric beam. For the vibrating model, an analytic expression is obtained for the effective mass which considers the effect of electric load (voltage across the beam) found in energy harvesting applications. Also, the paper introduces a phasor based methodology for measuring the resonant frequency and damping coefficient of the piezoelectric beam. The proposed model is analytically compared with models based on linear voltage distributions. The validity of the model is also verified experimentally. Investigation of the results shows a close match of the model against experimental data for small deflections of a beam. The paper shows that (i) using a quadratic voltage distribution improves the modeling accuracy in comparison to conventional methods that use a linear voltage distribution, (ii) the damping coefficient of a piezoelectric bending beam can be accurately estimated based on the proposed experimental phasor method, (iii) the effective mass of the beam is not noticeably affected by changes of the electric load, ranging from short circuit to no load condition (open circuit) and (iv) the model can approximately describe the behavior of the beam for large deflections if the damping coefficient is modified based on measurements corresponding to maximum tip deflections.
